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Abstract We study the limiting behavior for the solutions of a nonlinear recurrent relation
which arises from the study of Navier-Stokes equations (Li and Sinai in J. Eur. Math. Soc.
10(2):267-313, 2008). Some stability theorems are also shown concerning a related class of
linear recurrent relations.
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1 Introduction and Main Theorems

In this paper we consider the following nonlinear recurrent relation,

M@=t Y FOAA@, =2 psi (1.1)
Pi+p2=p p
p1,p2=1
where A = x € R is a parameter, and f : [0, 1] — R has integral 1. This quadratic recur-
rent relation arises from our recent study of complex blow ups of the 3D Navier-Stokes
system [1]. There f(y) takes the special form f(y) = 6y? — 10y +4, and we need to show
that for each initial value A; = x, there exists R(x) such that

Ap(x) =R(x)P(1+436,),

and §, — 0 as p — oo. The main object of this paper is to prove this claim for a general
class of functions f including our special function.
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It is clear that A,(Ax) = AP A, (x) for any A # 0. Therefore it suffices for us to show
that there exists some x* such that A,(x*) =1+ 6, — 1 as p — oo. The limiting
value of A,(x*) is 1 since the function f has integral 1 over [0, 1]. Clearly A,(x) =
(x/x*)PA,(x*) = R(x)P(1+4,) if we define R(x) =x/x*.

We now state our conditions on the function f.

Assumption 1.1 Let f(y) = f(y) + f(1 — y) satisfy the following:

(D) TNhe integral of f over [0, 1] is 2.
(2) f isapolynomial, i.e.

N
fo =Y ay" (1.2)
n=0
(3) The equation in a:
na, 1
> . =1, (1.3)
—n +2 n+o
has N distinct roots z1, ..., zy,in CN{z: —1 <Re(z) < 0}. Denote

ap=1-— m]flxRe(zk).

One more technical condition, which is needed for the inductive stage of our proof, and can
be justified with easy numerics, will be stated in Sect. 5 (see Remark 5.2). We now state our
main theorem.

Theorem 1.2 (Main theorem) Let Assumption 1.1 and the technical condition in Sect. 5

hold. Then there exists x* and constant C > 0, such that the solution A ,(x) to the recurrent
relation (1.1) satisfies

C
|Ap(x*) — 1| < W’ Vp>1.

Consequently for any x, there exists a unique number R = x /x*, such that

Cp

Ap(x)=Rp 1+T , Vp>1,

p f
where C,, does not depend on x and is uniformly bounded in p.
Remark 1.3 In the special case f(y) = 6y? — 10y +4 [1], we have f(y) =12y2 12y +

4,and 7, = %“/1—5’ are the roots of (1.3). Clearly the assumptions are satisfied with oy =
3/2. Our theorem says that in this case

Ap,(x)=RP(1+0(p~"?)).

More examples can be easily constructed.
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The rest of this paper is organized as follows. In Sect. 2 we derive the linear system
and give the main arguments. Section 3 includes the technical estimates needed to derive
the linear system. Section 4 contains some theorems on the behavior of the solutions to the
linearized system. Section 5 is devoted to the estimates of the nonlinear term and the proof of
the main theorem. Some elementary estimates with explicit control of constants are deferred
to the Appendix.

2 Preliminary Analysis and Linearization

Since the limiting value of A ,(x*) is 1, we linearize (1.1) around 1 and this gives:

Ap(x) = Zf(y>+ Zf(y)(Am(X)—l)

P11 ml

D FOAp () = DA, (x) = 1),

p1+p2=p

where f(y) = f(y)+ f(1 — y). Our main goal is to show that there exists x* such that
A p(x*) — 1. This motivates us to define a,, such that A,(a,) = 1. When p tends to infinity
a, is a good approximation of x*. Now let us write

G ik
ap—1 p

The scaling p~3 here is not intuitively obvious and in fact is not optimal since as we shall
see, |£,| < Const- p~@~1 as p tends to infinity. In terms of &, we have

Sp - 1 P— p—2
(H;) ;Z:j (y)+p[;f(7/)(1\m(ap -1
1
+= Y FOAp @) = DAy (ap_) = 1).
pm-*—l’z:l7

Or in a better form,

p—1 £
P 1—;Zf(y) +p<(1+ P) —1)—

]

-2 ~ %- P1
f(y)( I1 (Hq—é) —1)
1

=l pi= P1<q<p
R Ry 0p
— 5‘1 E‘i P2 _
= > sl I1 1+—3 [] a+2H @.1)
pi+p2=p pi<q<p 1 pa<q<p
Np

We shall derive a linear system for &, from the above expression. First observe that for small
values of p;, the summand in Q, are of order 1 and therefore the main order of Q, is not
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linear in §,, ¢ < p — 1. However as we shall show in Sect. 3, we have
p—1

P(Qp=0Qp)= 61— Zs,,c(q/p)w(logp/p)

where G(y) = fo . (ty)tzdt and O (log p/p) denotes terms of higher order of smallness
in p. As for R), (D "since by assumption f is a polynomial, it follows (by direct summation)

that
M _ p 1
p(Rp — Rp—l) =0 ; .

pRY —RY ) =—&,+ &) 1+0<p1 )

Similarly

The term N, will be estimated in Sect. 5 and it is of higher order of smallness in p. Put all
these considerations together, we see that (2.1) is equivalent to

Z G(q/p)e, +hy. 22)

q =2

where £, are of higher order in p.

The main difficulty of estimating &, by using (2.2) is “loss of control of constants”.
To explain this problem, take our special function f(y) = 6y2> — 10y + 4 and this gives
G(y) =6y —4. Itis enough to consider the system

pl p—1

1
pZG(q/p)&, — > (6q/p —4)%,.

q=2 q2

Suppose we want to prove by induction that |£,| < Ar~* for some « > 0 and A > 0. Then
at step p we will get

& |p* <C, —APZ|6q/p 4|< ) :

q=2
As p — oo, clearly

1 1
Cp—>A/ |6y—4|)/7“dy2A/ |6y —4|dy > A.
0 0

In other words we will not be able to justify the inductive hypothesis for p sufficiently large.
For general function f one can show easily that the integral of G over [0, 1]is —1 (assuming
the integral of f is 2). This implies that fol |G(y)|dy > 1 and therefore this “loss of control
of constants” problem is generic.

IEven if G(y)<0and fol G = —1, due to the nonlinear corrections & in (2.2), we still have “loss of control
of constants”.
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To solve this problem, we will first prove in Sect. 4 a stability theorem concerning the
linear system (2.2). And instead of inducting on &,, we shall induct on £ ,. The stability
theorem in Sect. 4 gives us bounds on &, by using the (inductively assumed) bounds on /4 ,.
Since £ 4 is bounded by quadratic functions of all §,, g < p, the bounds on &, then produce
a strong decay estimate on /4, (see Lemma 5.1). By using a slightly weaker induction
hypothesis on %, (relative to the strong decay estimate), we can justify our inductive bound
at step p + 1 at the sacrifice of assuming p to be sufficiently large. We are able to close our
argument because of the genuine nonlinear nature of 4,,.

3 The Estimates of @, — Q1
In this section we give the technical estimates of Q, — Q,_;. By definition of Q,, we have

p—2~ g p1 %. Pl
Qp—Qp—IZZf(V)' 1_[ (1+q—q3> - 1_[ <1+q—‘;>

p1=1 P1<q<p p1<q<p—1

p—3 . B P1
LY Go-fon- | T] <1+%) 1

p1=1 pr<g<p-—1

= (I) + (II).

We shall show that in the main order of magnitude, we have

~ épfl
)~ 2=
and
12
()~ —— Y &G(q/p).
P

Throughout this section we make the following ansatz on &,, g < p:

Assumption 3.1 Let A, A, A3 be positive constants. Let Ny > max{3, A} be a positive
integer, and p > Ny such that:

(1) |$q| SAl,forany N() fq <p.
(2) 18] < As, for any 1<g < N,.
G) 1T1p,<g=m (1 + 25)P1| < Ay, forany 1 < p; < Np.

Denote G(y) = fol f "(yt)t*dt, we have the following main lemma.

Lemma 3.2 (Main lemma) Let Assumption 3.1 hold. Then there exists a constant C =
CUl flloos 1f Noos 1 f " loos A1, Az, Az, No), such that

P(Qy=Qpi) = by + o ZG(q/msq §c$
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Proof Recall that Q, — Q,_; = (I) + (II) and we will estimate (I) and (II) separately. First
note that fol f(y)ydy = 1. Using this fact we have

0-E (1103 ) ()

pr1=1 pL<q<p
p—2 B
f Ep-i ) P i€y
1—-(1 B
+,,,=1f(y)< ( +(p_1)3 et
p—2 : :

N Spotoy Seml

+ MZ:lfm( 1 /f()/))/dy foty
E

Estimate of e!: clearly

=17, 2

ri=1

= ”fHoo Z o (;I_All)a +

No<p1=p-2 P
~ A D144
+Hf” (H—A (1+ ))
oy T N)) -2
1<p1<Np

3 2 (14 Ax(1 4+ 21)A N2
<1l (5o - )

é:q)m P1A
1+5) .
[1 ( +q3 (p—17°

pP1<q<p

Estimate of e(: first it is rather easy to show that

1 <1+ Ep—1 >m - P1A .

(p—13 T (p-1)3

‘(1 + Epfl )I’l 11— Pl‘fp—l 3[)12A2
(p—1)°3 (p—D3 " 2(p—1°

and also

| £\ | P1€p_1 - 3piA7
To-n) T oo T 2—

(p—1 (p—1 (p—1

Now it follows easily that

3piAL

o] = HfH 2 201y
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V.
o 2(p —1)3
Estimate of ef): This estimate actually does not require Assumption 3.1. The only

assumption needed here is that p > 4. Although this is a standard estimate, for the purpose
of explicit control of constants, we give the full details here. Clearly

p—2 _
Y fw)
p1=1

p 1 '
. —/ fWydy
-1 p—1 Jo

p—2 _P1 1
—1 ~ ~
SZ/p ‘f(ﬂ)-L—f(y)V‘dWr/ ydy
P11 p p—l p—2
p1=1Y p-1 p—1
s P | p—2 T
< _ — .
pzlﬁll ! oo'y ~ 212 oo
1
! 3 3
< -
_4(p oo+2(p—1) HfHoo

The estimates of (II) are similar. Write

p=3 5 5 ~ 14
m=>y" (f(y) —FON+Fon - #) I1 (1 + %) _y
r1=l1

Pi<q<p—1
p—3 P1
5 14 3 §
+ (—f/(y)~—>-((1+—q> —l-p —q>
mX:=l p—1 7’ 1)1<2q:<17 g’
p—3
+ Z(—f(ﬂ-%)- Y. E" 2X:f;‘qG(q/p)
pi=1 p—1 p1<q<pq p
1 &2
—;Z&G(q/p)
q=2

1 P
= e 4o 1 e® - p > &Ga/p).
q=2

Estimate of e{Y and e!’: by Taylor expansion on f we have

)/2

~ (p—1

‘f()/) foN+fw» —

sl

Then by Lemma 6.5 in the Appendix,

A1+ N} 4 leA1
4p? = 6(p — 1)?p? 2 No '

izl
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Similarly the estimate of e’ follows from Lemma 6.7 in the Appendix:

1<)

A?] -3 1 1+ A 3A DA 3A
( og(p —3) < + 2N§+( 2+ DA+ 3N0>>.
o\ 4p(p—1) rip—1) 2 6

Estimate of e First note that

-1 -2 for? —-/Q fovidy

l<m<q
Srr | op P P ’
=X L5 (2)( ‘) = Fowar+ [ |[fo]ya
r-t|p—1 D )4 q=1
p1=1%"»p P
g—1
- Of P +wf/ : )ﬂ)
—~ o p3(p—1) o/ p?
pi=
; | 29 “w/’ 9’
< | f T — -
_”f (3 + p3>+ f 0 2p3
Then
p—3 p—2 3
; pi&g 1 p_ 1 5
foy—— 3 ”——2 £ S—F -y
g p—1
p1=1 p1<q<p 1 9=2  1=pi<q
Now it follows easily that
12 JaR 1=
9] == D ¢, ST v = —) &Ga/p)
r? q=2 1§p|<qq P p q=2
1= " 1 1
< 7 o H cn — ).
bl (5+0)+1lz)
The lemma is proved. |

4 Behavior of Solutions to the Linear System

In this section we shall study the linear system defined by

p—1

£, = ZG(q/msq +hp.

q =2

As was already mentioned in Sect. 2, this linear system is obtained from the nonlinear re-
lation (2.1). We shall now free ourselves from the constraint that 4, is a quadratic function
of all £,, g < p. Instead we assume here that /2, is known. Under some conditions on the
function G and the sequence h,, we show that &, ~ const - p°, where 0 = o (G) is to be
defined later in this section. We begin with a simple lemma.
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Lemma 4.1 Let N > 1. Assume {C;}1<i<n, {®ti}1<i<n, {0 }1<i<n are complex numbers such
that:

(D ai?éaj,(fl-;éoj,ifi#]"
N C; _

2 Yilismem =1 VI<k=N.

(3) Re(op) <0,V1 <k <N.

RY*N | b > 2 is a sequence of matrices defined by

4 1\ %! 1\ 1
Ml()k’j):(l——> (Sk_,-—l—C_,--(l——) s .
p p p

Then there exists an a constant K > 0 which depends only on «;, o;, C;, such that

Suppose M, €

HMPMP—I "'Mqo+1Mqo 2 =K,

for any qo > 2, p > 3, where ||-||, denotes the matrix spectral norm.

Proof We have

. 1 C; 1
M) = (1— s )6kj+—’+0(—2>
p p

p

Ci— (o + 1)d; 1
=5,{].+M+0(_2).

p p

Consider the matrix M defined by
M*D =C; — (o + 1)8y;.

It is not difficult to show that the equation for eigenvalues of M det (M — A1) = 0 is equiv-
alent to:

C;
;A+ai+1:1'

By our assumption M has N distinct eigenvalues o7, ..., oy. Let D be the diagonal matrix
such that D;; = o;. It follows easily that there exist S, S~! € CV*V, such that

1 1
M, =S<I+ —D+0 (—2)> s
p p
Since max; <<y Re(oy) <0, we have
1 1
I+—-—D+ 0 -
p p

where C is a constant independent of p. Now the theorem follows by using the submulti-
plicative property of the matrix spectral norm. O

= PR

2
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In what follows, we shall assume that G(-) is a finite sum of (generalized) monomials, i.e.

N
Gly)=) Ciy*, (4.1)

i=1

where «;, C; are complex numbers, in particular, note that ; need not be integers. Here
for 0 <y <1 and o =a + bi, y® is simply defined as exp{(a + bi)logy} where logy is
real-valued. The main assumption on G is the following:

Assume that the equation in A

N
§A+a,+1 L 4.2)
has N distinct roots in C.
Denote the N distinct roots by o7, ..., oy, and define
o(G) = max, Re(o;). 4.3)

o will be called the characteristic exponent of G. We prove the following theorem concern-
ing a linear recurrent system generated by G:

Theorem 4.2 Assume that G satisfies (4.1) and (4.2). Consider the linear recurrent system
defined by:

p—1

ZG(q/p)é‘q, p=3,
T p

q=2
with &, as a parameter. Then there exists a constant C depending only on G such that
& =C-p-1&al. Vp>1, (4.4)

where the characteristic exponent o = o (G) is defined in (4.3).

Proof We begin with a simple observation. Suppose Re(o;,) = 0 (G) and consider

N
Gly)=) Ciy“ ™.

i=1

Then G(y) also satisfies the assumption (4.2) with & = o; — 0j,. Also 0(G) =0, &, =
p 0§, where £ » 18 generated by G . With this simple observation, it suffices for us to prove
the theorem assuming o (G) = 0. Assume this is the case and define the moments of &, by:

14
B =3t
q=2

where o is defined in the definition of G (see (4.1)). Then obviously we have
N

Ce pw
£,=) e B, (4.5)
k=1
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The recurrent formula for B{" follows easily:

N
C. )
k) _ pk) ay J )
Bp - Bp—l +pr Z paj+1 Bp—l'
j=1

Now if our bound on &, (4.4) is correct, then heuristically B grows as pR*“~*!. This
motivates us to define the scaled variables

For ég‘) we have the recurrent relation:
N
Rk _ k. j) p()
B r - Z M 14 B p=1
=1

where the matrix M ;k’j ) is given by:

) 1 ap+1 1 aj+1 1
M;j‘»ﬂ=<1——> akj+cj-<1——> c—.
p 4 p

Note that the matrix M, is the same as in Lemma 4.1. Now denote the vector f?p =
(B;l), o B;N))T. Then we have

|2

=0ty dsae) 8],
S

By Lemma 4.1 we have for some constant C depending only on G such that

Az —vA e H2 <c.

This immediately implies that B » is uniformly bounded for all p > 1. The desired bound on
&, then follows by using (4.5). Our theorem is proved. a

The next lemma can be regarded as an inhomogeneous version of Theorem 4.2. It states
that the solution to the linear recurrent system generated by G is stable under sufficiently
small perturbations.

Lemma 4.3 Assume G satisfies (4.1) and (4.2), with the characteristic exponent ¢ = o (G)
defined in (4.3). Consider the linear recurrent system defined by:

p—1

1
§=hy+ 2 > Gla/p)t. p=3,

q=2

where &, is a parameter, and assume that for some positive constant Cy and €, the sequence
h, satisfies

|hp| <Ci-p~*°, Vp=2.
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Then there exists a constant K independent of p, such that
&, | <KCi-p°-1&l, Vp=2. (4.6)

Proof Without loss of generality assume o (G) = 0 (see the beginning of the proof of The-

orem 4.2). Define B;f‘), B;,k), B, and Ml(,k’j ) as in the proof of Theorem 4.2. Clearly then

N 1 ap+1 .
Ey=h,+ Y C <1 - ;> BY,. (4.7)
k=1

Denote g, = p‘lhp(l, ..., DT. Then for E,, we have
Bp = Mpép—l +&p
=M,(M,_ 1B, 2+ g,-1)+8
P
== Z(M,,Mp,l ~--Mp.+1)gp1 + (MpMp,l ---M3)Bz.
p1=3

By our assumption on /4, , we have

VNC
”gmHzS p1+el’ V3<p =p.
1

By Lemma 4.1, we have for some constant K > 0,
() =K. 2

It follows easily that

. . JNC, -
|5, <k Y Y+ ke ke,

where C, is a constant independent of p. Now use (4.7) to conclude the proof of the lemma.
The lemma is proved. O
5 Estimate of the Nonlinear Term and Proof of the Main Theorem
In this section we shall estimate the nonlinear term N,. We have the following lemma.
Lemma 5.1 Assume 0 <o < 1. Let (§,)4>> be a sequence of numbers such that
%- P
[1 (1+—‘;) <Ci. Vl=pi <M.
P1<9<No 1
and

|&,| <Cag™, YNy <gq <p,

@ Springer



On a Nonlinear Recurrent Relation 693

1
where Ny > maX{CzH” , (4C2)3+% }. Let p > 2Ny and N, be defined by

Ny= > f(y)( I <1+%)m—1).< I1 <1+%)pz—1>.

p1+p2=p P1<q<p p2<q<p

Then we have

7 (1+C1+ C2)2N3Cy,  4C3C,
|N1’| — HfHoo (p _ N0)2+(r pl+20’ ’

where

1
c, = / Yo (1— ) "dy.
0

1 1
Proof First since we have Ny > max{(%) T+o , (4C,) 3+ }, therefore for r > Nj,

r 2+0
]‘[(1+5—‘§> e 2 11 : 1—<5> .
q 240 rlite )4

r<q<p

For 1 <r < Ny, clearly

&\ 2C,G,
I[T(+%) -1=z1+0+ ——.
r<q<p q (2+0-)N0
For p — Ny < p2 < p, we get
P
[T (1+2) -1 =22
P2<q<p 4 P2

Now we have

R U NPY

I <1+$—">P1—1 :
q3

I <1+$—")P2—1
q3

P1<No |p1<q<p P2<q<p
g_—q P1 g_—q P2
£ X (eg) 1 T (e ) -
No<pi<4§ lP1<q<p p2<q<p
- 2C,C 2N,y C
= f Z ]+Cl+ : 2l+rr ’ 23»(72
00 p1=No (2+O‘)NO )2
20 2 1 240 240
o % (55 g (- G)) (- ()
No<pi<% Pr P2
A (A+Ci+C)2NGCr 4G5,
- 0 (p — Ng)2+e plt2o 0
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Proof of the Main Theorem We begin by observing that «y =1 — 0(G). By Assumption
1.1 we have 0 < —o(G) < 1. Our inductive assumption is that for » < p, we have

r—1

1
&=h+- Gla/nk,

q=2
and for some positive €, 0 < € < % min{l + o (G), —o (G)},
el = Car” @,

We shall assume that the inductive assumption is justified for some p, sufficiently large.
Now assume p > po. Lemma 4.3 gives us

1<K -Cyr®P, Vr<p—1.

At step p, define

Then we have (see Sect. 2)
A p A
E,=p(RV—R)— (p(Qp —Qp1) — Fm) — p(N, = N,y).
By Lemma 3.2

p—1

5 1 C.,
P(Qp— Qpt) — %sﬁ 2 G/ | =

q=2

where C,, depends only on €, €/, o, C4, K and the function f. The parameter 0 < ¢; < 1
can be taken arbitrarily small (but C., will be large). Take €; < 1 + 0(G) — 2¢, then by
Lemma 5.1 we get

p—1

~ 1
- > Ga/p,

q=2

1—€q

c., B
= p +p |Np(§2’$35 “~7§[l*l)| +p |Np(§27§37 "~5$[771)| + ;

€
< 1

B
+ Dyp* @ + 5= Csp” @72,

pl—el
where D,, B and Cs are constants. Now use Lemma 4.3 again to have that
‘ép‘ <K Csp”?.

Then by Lemma 6.2, we have

p—1

o] = & =& | + |65 - %ZG(q/p)sq
q=2
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C
< p_;_}_cspa(c)fze §C4prr(G)fe.

where the last inequality follows if we take py to be sufficiently large. We have proved the
inductive hypothesis for all p. Now the desired uniform bounds on &, follows again from
the stability Lemma 4.3. The main theorem is proved. ]

Remark 5.2 A technical assumption is used in the proof of the main theorem. Namely, we
need to justify our inductive assumption up to p = po. This step is mainly done with the
help of numerics. In the special case f(y) = 6y? — 10y +4, a good estimate of py is about
po ~ 100. This is enough for our purposes.

Acknowledgement The author would like to thank Jean Bourgain, Tom Spencer and Ya G. Sinai for their
interests in this work.

Appendix

This appendix is devoted to the elementary estimates needed in previous sections. We note
that because of the technical assumption in Sect. 5, we need to get explicit control of con-
stants. For this reason we gather all the needed explicit estimates in this Appendix.
Lemma 6.1 The following easy elementary inequalities are used:

e Suppose x > —1, then

log(1 +x) < x.

Suppose M > N > 1, then for any a > 0

LS|
Z qa+l

q=N+1

1 1 1
<—|—=-—).
T a \NY M«

If0<x <1, then

If—% <x <0, then

e <1+x.
equivalently we have

log(1 + x) > 2x.

If |x| < 3, then
e <1+x+x2

1
If |x| < 7, then

log(1+x) > x —x7.
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Lemma 6.2 Let D| > 0, pg is an integer and py > max{2+/ Dy, 7}. Suppose |x| < Dy, Then

Proof One side is trivial:

3 X - 3 X
prlill+— —1l)+x=p |exp|——)—-1)+x=0.
p P

For the other side,

5173(

p p

3 X x2 X x2 g
AU V)
5x2
P

O
Lemma 6.3 Assume that |§,| < A, for any g > Ny, where No > max{1, A}. Then we have

M (1)
q3

pP1<q<p

A
<

= )

14!

for any p1 > Nj.

Proof We have by assumption @ }1 therefore

]_[ 1+E—"p]—ex Z 1 15"
5 = pilog( 1+

P1<q<p g=p1+1

p—1 A
= exp Z Pr—

3
g=p1+1 4

A A
< exp g <1l+—.
1

Similarly,
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l_[ 1+§" " 3 log ( 1 5
E = exp Zplog +?

p1<q<p q=p1+1
p—1
A
> exp Z p1log (l — —3>
q=p1+1 q
G 24
TAPWACH
g=p1+1 1
A } A
>expyi——¢>1——.
P1 P1
O
Lemma 6.4
2 P1 A
Z ( ):1)2 H <1+%> _1§ﬁ'
No=p1=p-3 p P1<q<p 4 p
Proof we have
2 P1
Y &,)
— 14+ = -1
X Ghw (e
0<p1<p P1<q<p
2
= X ol
No<p1=p-3
A
<—.
=9
O

Lemma 6.5 Assume that |§,| < Ay, for any g > Ny, where Ny > max{l, A}. Also assume
that for some constant A, > 0,

E P1
[1 (1+—i) <Ay, VI=p =N
pE

P1<q=Ny
Then we have

o
L Gy

I=p1=p-3

I (1+‘§—’1>p1 -1
q3

pP1<q<p

T 14 A (142
T 2p2  3(p—-1)?p? ? No))"

Proof We have

7, (-5) -

pP1<q<p q

)/2
Z (p—1?

P1<No
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A 1A " 1
Z (p_l)z 2 1_[ +_3 +

P1<No No<g<p q
2
Pi A
<Y A (1+a(143)
p;v (p—1)?p? < ? No

<N 1414+ A
T 3(p—12p? TN/
Lemma 6.6 Assume that |&;| < A, for any g > Ny, where Ny > max{1, A}. Then we have

I1 <1+%)1’1_<1+p1 > f;)‘—@

p1<q<p p1<q<p

a

for any p; > Nj.

Proof First we have

s oA A L

G
> o

- -
m<q<p 9 pi<g<p 4 Zp 2
Therefore
P
1_[ <1+$—‘;) :exp{pl Z 10g<1+s—‘g>}
p1<q=<p 1 P1<q<p 1
P1<qg<p q
<1+ Y P@ o
p1<q<p 1
Similarly

I1 <1+—

Sq)
pi<g<p 4
& 55)} ( Sq>
Z €Xp P1 Z (f—— —({1+m Z -
i pi<q<p ¢ 4 7’

pP1<q<p
2
_ AZ
<€ P1 2p1<tl<p q6 _ 1)

A
<e 5[7‘1‘ _ 1)

_<1+p] > %)

p1<q<p

v
N W

v
| W
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- 3A2 - A?
T 10p} T 4py

O

Lemma 6.7 Assume the following:

(1) &1 < Ay, for any g = Ny, where Ny > max{l, A}.
(2) 1541 = Az forany 1 < g < No.
(3) For some constant A, > 0,

é: p1
[1 (1+—‘;> <Ay VI=pi =N

P1<q=No 4

Then we have

X oo

1,605~ on 25|

I<p;=p-3 p= P1<q<p p1<q<p
A?1 -3 1 1+ A 34, + DA, +3A
< 1 log(p —3) (+ 2N§+( 2+ DA+ 3N0).
dp(p—1) p(p—1) 2 6

Proof We have

T

p—

1 (eg) -~ (rer 2 )

No=p1=p-3 P1<q<p P1<q4<p
2
= 2 Ll ' %
No=pi1=p-3 pp—1 Pi
_ Aflog(p—3)
4p(p—1)

Also

plzifplz%‘f‘plz%

q3
P1<q<p P1<g=Ny No<q<p
- As | piA
= 7 -
2[71 2NO

This gives us

ZL

M (1+5)"-(1en T &)

15p1<Nop_1 P1<q<p 1<q¢<p
s Lo ([ T (+5) <1l ¥ %
=P D P 7 P I
I=<p1<Np P1<q<p P1<q<p
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1 Ay Az p1A
< (1A (1+ 28 )+ 2y
—p(p—1>1<ZNp‘ (+ 2( +N0> 2 2N§>
=p1<Ng
1 1+ A 3A HA 3A
< (+ 2N§+( 2+ DA+ 3N0)‘
pip—1) 2 6
O
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